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Abstract. We obtain an interesting inequalities for uniformly continuous functions in the normcd spaces: 
||/(>)|| < a\\x\\ + b for some a, b > 0. 
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1. Introduction 

We start first with an inequality on normed spaces by uniformly continuous functions and then this 
shall obtain inequality for uniformly continuous functions on K as simple case. 

2. Main result 

Theorem 2.1. // X, Y be two linear normed spaces on ]R and f uniformly continuous function on X, 
then there exist two real numbers a, b > such that ||/(a;)|| < a||a;|| + b for all x £E X. 

Proof. Since / is uniformly continuous function on X, so 

3a >0 Vx,yEX \\x-y\\ < 5 =S> \\f(x)-f(y)\\ < 1. 

Let x £ X be arbitrary and fixed, put < :— 4 < 5 choose ^ xq £ X such that < \\xq\\ < do- 
now < do — U^oHi choose Xq ^ X\ £ X and x± ^ such that < < do — ||xq||, therefore 
< — a^o 1 1 ^ ll x i|| + ll^oll < do. so ||xi — xo|| < 6. Similar to since < < do — \\xq\\ < do, 
this implies that < do — ||^i||, then choose x\ ^ X2 X and x-i ^ such that < ||a~2|| < do — ||^i|], 
therefore 

< \\x 2 - zi|| < \\x 2 \\ + ||xi|| < do < 6, 
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by continuing this procedure up to where JV be a smallest natural number such that N — 1 < j \\x\\ < TV, 
so there exists ^ xn £ X and xjy ^ xn—i such that < l|a?iv|j < do — ||a;jv — 1|| and 

< \\x N - acjv - — 1|| < 8, llajjvll < d , 

and also 

\\x-x N \\ < \\x\\ +\\x N \\ <^- + do= iN + ^ S . 
Now put yo :— x _ X and take yi :— N r ^_ 1 x + -j^fi^N so y± £ X and 

||y - ^,|| = _____ < 



and take y<2 :— 1y\ — 2/0 then 
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1 1 3/2 - 2/1 1| = ||l/i - J/0 II = I! 3/1 - — 1| < -, 



so by this way i/iv ■= 2yjv-l — 2/iV-2 and y^v :— ajjv, therefore 

II a= AT - J/JV-lH = || yjv - yN-i\\ = Wvn-i - yw-2|| < -, 
thus ji E X, (0 < i < N) and ||y; - yi_i|| < f so 

ll/G/i) -/(w-i)ll < 1, 
and since ||_i|| < 5 and — < (5 for 1 < i < N — 1, hence we have 

JV-l 

11/(0) - /(a) II < 11/(0) - f(xi)\\ + ]T ll/(*0 " f(xi+i)\\ + \\f(*N) ~ /(*)ll. 

< 1 + 1 + ■ ■ ■ + 1 + ||/(x w ) - /(x)|| = W + ||/(x N ) - /(x)||, 

< N + 11/(0:) - /( yi )|| + H/feO - f{y 2 )\\ + ■■■ + ||/(2/jv-i) - /(*n)||, 

= W + 11/(2/0) " f(Vl)\\ + ll/(2/l) " /(l/2)|| + ■ ■ ' + ll/(«JV-l) " f{VN)\\, 

< N + N x 1 = 2N. 

Now from JV - 1 < f ||x|| < N we obtain JV < 1 + j \\x\\ consequentially 

ll/WII < ll/(x)-/(0)|| + ||/(0)||, 

< 2N+ ||/(0)||, 

< 1^11+2 + 11/(0)11 = a||x||+ 6, 

where o := f ,6 := 2 + ||/(0)||. □ 

Corollary 2.1. f£ee [1], page ^7) // / : E — f M be uniformly continuous function, then there exist 
a, 6 > suc/i i/ia£ /(:c)| < a|x| + 6, /or all x £ X. 
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